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Tom 8, No., 3, L4b6=452,

Izd.Gor'kovskogo Universiteta

Gor'kiy, 1965

SUMMARY

It is shown that the problem of searching for the true distribu~
tion of radio brightness over the sky amounts to the solution of the
integral equation (1) below only for a specific operational regime of
the radio telescope. Estimates are given of the averaging time of radio-
telescope's output signal assuring the detection of radio sources of
various magnitudes. The possibility of solving the problem of reduction
by an analogous method is discussed. It allows to reduce the processing
of radio brightness, taken down by a special method, to the passing of
the signal, proportional to this distribution function,through a linear
filter.

] *

1. The determination of the true distribution of radio emission
over the sky constitutes one of the important problems of radio astronomy.
The basic idea behind all the methods of finding the true distribution
of radio brightness considered in literature is that of reversibility
of the transformation, materialized by the antenna, which is expressed

in the unidimensional case by the equation

flx) = { gx—xj)e(x)d x. (M

Here f (%) is the m~rsureble céistribution of the intensity of radio
emission by the angular cooréincte x, g(x) is the antenna's radiation

pattern by power, ?(x) is the true distribution of intensity. It is
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assumed that the antenna is linear and that the signals are incoherent.
The entire variety of methods of finding ¢(x) is linked with
different methods of resolving the ecuation (1) and various means for
their realization, The main attention is usually given to the precision
of calculations., At the same time it is assumed that the measured distri-
bution of the power of f (x) is obtained with a sufficient precision and
that the connection between f (x) and ¢(x) is expressed by the equation (1).
Let us now discuss the conditions that have to be fulfilled in
order to satisfy these assumptions,
In the experiment the distribution of power by the angle is obtained
by way of averaring the square of antenna's output signal. This procedure

is obviously expressed by the correlation

{, n
J(xy, te) = j B(t —t,) Sg[x — x,(t))s%(x, 1) dx dt, (@)

where B (t) 1is the pulse response of the neutralizing system, &2 (x, t) is
the square of signal realization, proceeding from the source with an angu-
lar coordinate x, X, (t) is a function, describing the displacement of the
axis of antenna pattern with time, t, is the moment of time at which the
function f is measured, x, is the angular coordinate, to which the measu-
red value of the function f is ascribed.

It is easy to see that (2) passes to (1) only at fulfillment of
certain, quite specific conditions, First of all this is an obvious condi-
tion for a "sufficient narrowness' of the pattern and the absence of sources
near the boundaries of the sector considered; it allows the passing to in-
finite limits in the integral over x. Secondly, the antenna pattern must
be fixed relative to emission sources during the entire averaging time,
that is, x, (t) must be a constant; only then can (2) be rewritten in a
form close to (1)

¢S] 1
for t) = [ 8(x x) | [ Blto— t)s¥(x, #) it ] dx. @)
Finally, in order that the expression in brackets can be substituted by

the true distribution of ¥(x), the function B (¥) must also satisfy speci-

fic conditions (see part 2).
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Therefore, contrary to the established opinion, the bringing up
of the reduction problem to the solution of the equation (1) is, strictly
speaking, possible only for a specific operating regime of the entire
system, when

1) the scanning is discrete; during the necessary time interval of
T averaging, at the end of which the reading of the measured function £ (x)
is taken down, the antenna remains fixed relative to the source (the neces-
sary value of T is estimated in part 2)}

2) at the end of the interval of T the antenna axis is displaced
by a certain angle R and stops again for T seconds in order to take down
the following reading; then the procedure is repeated, so long as the gi-
ven sector is not covered (the value of Q is linked with the system's
resolution; the parameters of the system, affecting £, are discussed in
the part 4),

The question as to what the reduction precision is when obtaining
the function f (x) by way of continuous scanning and the subsequent formal
substitution into the equation (1), remains open. However, certain research-
ers use precisely this procedure (see references at the end of the paper).
That is why the indicated guestion requires a special consideration, which
that in this

must be the initial one for the analysis.

]

is beyond the object of the present paper. We may only state

&
case the equation (2) and not (1

2. =~ Assurme that the conditions, for which the experiment is descri-
bed by the equation (3), are fulfilled. It is necessary to estimate quanti-
tatively the conditions, for which the equation (3) is reduced to (1). As
a matter of fact the readings of the device, measuring the power of radio
emission, is a random quantity, which approaches the true value searched
for only at limit (at averaging time increase). In order to assure the
measurement of power with a guaranteed precision, one may estimate the
averaging time necessary to that effect, 1t is important to note that even
in the absence of noises this time depends on the range of values of the
power of sources.

Assume that the emission of radio sources is subject to standard
distribution., Assume further that the power P of the emission is estimated
by way of averaging N readings of squares of the received signal's amplie
tude., This means, that the weight function B (v) constitutes a rectangular



pulse of duration T, to which correspond N readings:

IA [

)
y B (t, — t)s¥(x, t) di=L j‘ . $¥x, t)dt = L Y s(x, t,). (4)
ST . N, =

—_00 to_‘

It is well known |1] that the standard cdeflection of the neasured power

then is L
o, = ) 2/NP. (5)

In order to reliably reveal a weak source against the background of strong
source's intensity fluctuations, and also with the view of avoiding that

the fluctuations of a strong source's power subsequently provide fictitious
ﬁwaak sources", it is required that GI}mx be less than P,;, by a given num-
ber n of times, where Pp;, ond DI,,, ~re the snticipated powers of, respect-

ively the weakest znd the strongest sources of radio emassion:g

Pmln/apm“ =n. (6)

Assume further as given the dynonic renre of radiotelescope's receiver,
that is, the ratio between the minimum and maximum possible signals is
known ¢ )
Pmax/Pmln =m. (7)
From formulas (5) = (7) it follows that the number of readings required for
the averaging is:
N =2(mn)2. 8)
On the other hand, N is related to receiver pass band and averaging
time, Indeed, in the case when the readings are uncorrelated, we have for

the uniform radio emission spectrum in the receiver's band
N = 9FT, : )

where F is the receiver's band ané T the averaging time, Hence it follows

that the recuired averaging time is

::-%; (mn)?, ) (10)

According to (10), at band expansion we are either -compelled to increase

trhe receiver's band or the averaring time,




If we take requirements, that are not too much overrated, and for
whiech n =10 « 100, m = 10 < 1000, we have

/!
T =2 (10" 4 10°°) sec (11)

For example, depending upon m and n, the quantity T may vary from ILO-3

to 1.03 sec for a band F = lO7 cps. This example may serve as a basis for

an approximate conclusion of the fact, that inasmuch as T «:10-3115 a suf-
ficiently small time interval, the use of the equation (1) at substitution
in it of the function £ (x), obtained at continuous scanning, can provide a
sufficiently accurate expression for ¢ (x) only at fairly low requirements
for m and n. It is also necessary to realize that even the 'slowness" of
scanning at uniform distribution of power by the angle and at great m and n
does not save the situation. In order to ascertain the above it is sufficient
to conduct the computations of the unsteadiness of the sector antenna's

output signal.

3, - To conduct calculations within an analogous conputation mode
certain physical phenomena, described by the corresponding mathematical
overation, are fairly often applied. Such an approach can be also attempted
in the case under consideration, 1f we assume that the variable X in the
equation (1) characterizes the time, this equation will describe the passage
of the signal ¢(x) through the linear filter with response of g (x), as a
result of which a signal f (x) will be obtained at filter output. It is
trus natural to let pass a signal proportional to a well known measured func-
tion f (x) through the filter materializing the inverse transformation if
we desite to obtain the function ¥(x) searched for. Therefore, instead of
coupling the radio telescove with a computer, effecting cumbersome calcula~
tions, it is sufficient to combine the receiver with a sufficiently simple
linear filter., If the characteristic of the direct filter is G (iw), that
of the inverse filter must be expressed by the function G-I'Ciw). The
Peytli~Viner * criterion of [8] asserts that the characteristic of a phy-

sically realizable filter must satisfy the condition
T _tiog G iw)
5‘ ———1::—‘;2———— do <l o, (12)

—00

* in transliteration



Hence it follows immediately that there exists for every physically
realizable filter, an inverse filter to it, Jjust as equally realizable. |
Inceed, lig G—'(iw)| = |ig G(iw)).

Subsegquently, the problem is formulated as follows : are there
such antenna radiation patterns that would correspond to physically reali-
zahle filters ? In order to show the existence of patterns not satisfying
this recuirement, it is sufficient to take a circular, nondirectional |
pattern., It follows from general counsiderations that the pattern, required
by us, must be nongero in a2 limited interval of angles, say less than 2%,
and, to the extent possible, substantially lesser intervals, A simple
example of such a pattern is provided by the sectorial pattern. Therefore,
the guestion is in fact recduced to the problem of the possibility of crea-
ting a linear antenna, with a pattern of the given class of functions,

Let us point to still another possibility of practical realization
of the inverse filter (besides its synthesis by direct methods). This pos-
sioility is based upon a well known method in analog computing techniques
denoted as the method of the inverse funetion. At times it is much simpler
to synthetige the direct filter. Then the inverse filter may be obtained
by switching the direct filter onto the amplifier feedback with a high
amplification factor. Thus, the switching in of the direct iiliter, whose
response reflects the antenna patftern, onto the amplifier feedback, will

provide the corresponding inverse filter.

b,- When taking into account the influence of external and instru-
mental noises on the accurccy of the solution of the problem under consi-~
deration, two independent problems arise. The first consists in the account-
ing of background, anteanna, receiving apparatus and of the power-measuring
circuit noises., These noises will lead to the appearance of a cértain addi-
tiornal adjunct constant (ecuzl to the power of these noises), which may be
easilv eliminated ahead of the inverse filter input. In reality, when ac-

courirr of these noises, we have instead of (3)

S1(%0, ts) = [0, t,) + 3? B(t, — t)n*(t) dt = f(xo, ty) +ca2. (13)



Here n (t) is the realization of the aggregate noise to the power measure-
ment circuit. However, after deduction of the indicated constant component
the fluctuations will remain owing to finiteness of averaging time, Let us
estimate the magnitude of these fluctuations, According to (5), the stan-

dard deflection of the fluctuations is :

Bu =V 2IN, o, = cjmn,
vhere N defines the averaging time. -

At passing to the last equality formula (8) was taken into account.
If the arrregate power of noises is equal to the minimum power of the use-~
ful source (92 == Pmin), By iz by mn times smaller than the minimum rejection
of the measured function (that is, by several orders in practice) *

Thus, the accounting of noises superimposed on the useful signal
to the power meusurement circuit, does not lead to serious complications,

The other, quite essential problem is the accounting of apparatus'
noises between the power measurement circuit and the inverse filter (these
are noises from lincar amplifiers, which may stand in front of the inverse
filter, and the noises from components of the inverse filter itself), Inas-
much as the characteristic o7 the inverse filter rises infinitely as the
characteristic of the direct filter decreases, a natural doubt arises, as
to whether or not these noises mey bring to zero the entire effect of the
inverse filtration. The narrowing of the inverse filter's band, while li=-
miting the power of the output noise, limits simultaneously also the reso-
lution of the sources wher the angular distances between them are suffi-
ciently small. Thus the consideration of this question from the quantita-
tive viewpoint makes sense.

Since the reversal circuit is linear, we may consider the action
upon by the useful and noise components separately, Assume,for instance,
that the filter response, equivalent to the antenna, is characterized by
the Gauss curve, Then the measured distribution of intensity, corresponding

to the point source, will be determined by the function

£(t) = KPe—or. (14)
Here K is the sipnsl ammiification factor, when produced by the power
measurement circuit, P is the source's inteasity, multiplied by the maxi-

mum value of the antenna's radiation pattern. ? is a factor, determined

* Incidentally, at weak recuirements for m and n (and this allows precisely
ee/es [next page]



by the width of the pattern and the rate of function's £ (t) readout;
=084, were t, is the pulse width of f (t), measured by the half-level.
"he svectrum of the function (14%) is determined by tne correlation

—

F/(tu) = P .kr;:c_ e—w 1y (15)

anc¢, consecuently, the clhiaractristic of the inverse filter is described

by the function
G (v) = Cevm . {16)

where C > 0 is the filter's transmission factor at zero frequency.
Desirous to 1limit the noise power at reversal circuit output,
we 1limit the frequenecy band [0, Q], in wnich the characteristic of the
rocal filter coincides with (16) (outside this interval it is zero).
Then,kthe power of the useful comronent at inverse filter output is
\\ KCP

2 2
S = § F2(0) G¥(0)do = = ('T) Q. o an

At the same time to the § — shaped real distribution function of power
corresponds 2 function of the type sin x/x, the width of which is deter=-
mined by the qucstity /R ( along the intersection with the axis ¢ = 0).
Therefore, the quantity Q is linked wit:> the resolving power of the entire
svstem,

Let us now estimote the noise dispersion at output of the apnroximate
inverse filter with a limited band. Assume, for instance, that the noises
of the amplificr Ny and of inverse filter's component Nz'have uniforn
spectra, so that the agrregate spectrum of noise power is expressed by

the function
N(m):K’Nl+N2:No_ (18)

Tren the power of tle noise comvonent at inverse filter output is

N= NOOJ?G 2(*”)df')= VQ—NOC’ pM(v_—?—p)' . (19)

X
~

vhere M(x) = | e’ dt
0

* [econtinued from page 7).. to use equation (1) ir case of continuous scan=~
ning}, the effect of noi:es will become substantial.



The signal-to-noise ratio at inverse filter output is

(KPRY p, (2.),

s
N~ T KNAN, \Yae

(20)

where D, (x) = x/M(x).

Cases of nonuniformn noise spectrum are encountered in practice.
If, for example, the noise spectrum has the form N(e)=Nyu—*, the inte-

eral (19) is reduced to the exvression

1%
N=C?N, 5‘ e"MPo—s g w ==
0

CN, a1 at1 a1 Q)0
=% g(11— F(1—2%2 o ; (—— : (21
Hence we obtain that the signal-to-noise ratio is
S o KPR p, (2, @
N N,8 “\28 .

where D, = (23) B ' \F' end the arguments at functions B and ;F, are the
same =s in (21).

The most characteristic (and the most promising) is the circumstance
that (20) and (22) consist of two comultipliers, which in the experiment may
be preassigned independently. The functions D (x) are only determined by
how much we wish to increase the resolution of two close sources, The func-
tions D (x) decrease rapidly, so that at increase of requirements for the
resolution, other conditions being equél, the ratio S /N drops. However,
at constant degree of resolving power capability (that is, at constant
ratio ‘l/p we have the possibility of increasing S /N independently at
the exvense of the first comultiplier, Quite promising appears to be the
decrease of the factor f, which, from the physical standpoint, corresponds
to a slowed-down reproduction of the function f (x), fed at input of the
inverse filter; at the same time, from the theoretical viewpoint, no limi-
tations of any kind arise here.

In spite of the fact that we discussed here only the concrete
form of the function (14), it is physically clear that the conclusions
will remain valid for any form of that function (provided it corresponds
to the rezlized filter only), for the effect of S /N increase at the




10.

expense of the first comultiplier is based upon an equivalent narrowing
of the frequency band. The latter is possible at a constant factor of resol-
ving power capability increase of the system at the expense of the slowed-

down reproduction of the function £ (x).

Therefore, it is possible to obtain the required resolution of close
sources for any given signal-to-noise ratio at inverse filter output. This
constitutes a strong argument in favor of the indicated method for resolving
the reduction problem, The only complication here is the requirement of pre-
liminary writing of the function f (x), and then of its reproduction at the
_ necessary tempo prior to feeding the inverse filter.

x%s THE END #»x=x
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